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Superspin classification for supersymmetry representations
with unrestricted central charges

B L. Rands and J G Taylor
Department of Mathematics, King's College, London, UK

Received 28 February 1983

Abstract. A generalised superspin Casimir operator for the global supersymmetry algebra
with arbitrary central charges is constructed. It is noted that the spin-reducing central
charge is naturally singled out as a special case, and the special conditions necessary for
this case are extracted from the general Casimir.

1. Introduction

In an earlier paper (Rands and Taylor 1983) the analysis of off-shell supersymmetry
{(susy) representations (Bufton and Taylor 1983, Ferrara and Savoy 1982, Ferrara et
al 1981, Nahm 1978, Pickup and Taylor 1981, Rittenberg and Sokatchev 1981,
Taylor 1982) was extended to the situation where central charges are present in the
susy algebra. However, the central charges considered there were restricted by the
assumption that the product of the central charge and its complex conjugate was
proportional to the delta function:

Z*Z" = kp®s! (1)

(where « is a constant). This includes the analysis (Galperin et al 1983) of USp(N)
susy with one central charge, where equation (1) automatically holds.

Here we show that this assumption can, in fact, be relaxed and that the superspin
classification extends straightforwardly to cases where Z*YZ’* is an arbitrary operator.
Having done this it is seen that the degenerate, spin-reducing case (x = 1 in equation
(1)) is naturally singled out, and that the conditions on the susy generators necessary
to accommodate this case coincide with those obtained in the restricted analysis of
Rands and Taylor (1983).

2. Construction of the superspin Casimir

Following the notation of Rands and Taylor (1983), we choose the N-extended susy
algebra, #n, to have

chiral susy generators S..l(A<sl<N)
their complex conjugates Sai
antisymmetric complex central charge generators z

their complex conjugates z*
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together with Poincaré generators P,, J,, and appropriate internal symmetry
generators.

Z" Z* commute with Sa.', Sa_1, P, and J,,, and among themselves. We also
have the following (anti-) commutation relations, together with their conjugates:

[Sa+t, Sﬁ—m]+=~2(?c)a+ﬁ~—61m (Za)
[Sai) 85" ) =2C0ip:Z"" (2b)
[Sa-tr Sg-m )+ = 2Ca_g-Z*" (2¢)
s Sar' 1o = 1(08 Vs (2d)
[Pp,s Sa+l]—=0 (28)

where C is the charge conjugation matrix, o, = i[v,, v.] and we take the metric
g™ =diag(1, -1, -1, -1).

The superspin Casimir is constructed by modifying the Pauli-Lubanski vector
W, =3 .m0 *p7 by addition of further terms to obtain a real conserved vector C,
which commutes with S, ..

To do this, we consider

K‘-b =§+I'Y“’S_n1f{m —§~l'yu’s+mfml (3a)
(where v, =y, —pmp/p’, so that p*y, = 0) and

J,=p"[8.0.8."gm~8-10.,S - mg"™] (3b)

with £, g and g™ functions of Z” and Z*" and restricted by the requirement of
the reality of K, and J,,:

(flm)*=fm[ (glm)*=g1m gml :’glm- (4a, bs C)
Then, the general linear combination
C.=W,—aK,-Bp T, a, B real (5)

after some algebra has the following commutation relation with S, ,":

(Cyy S’ 1 =3y, #S-" ) sd8! — 8afi —4Bp > Z ™ gim}

+(4aZ " =288 (Y S ) (6)
For this to vanish, we require first
Bg'™ =2aZ"f" (Ta)
so that
Bgim = 2aZ*"f, (by conjugation) (76)

and secondly
8/ —8af/ ~4p 2 Z'"" 20 Z *"F,

8li=8a[ﬂi__p—22imf-msz*sl]. (8)



Superspin classification for SUSY reps 3923

This equation may be solved by taking
f=Uh*=1/8a)s/ +p°Z2*Z" +p~tz*Z*Zz ¥z ™ + . )

=(1/8a)[(1-p2Z*Z) "L 9)

Then
Bgim — };Z*” (Olml — %f(O)ikZ*km (10(1)
Bgimz‘%zilf(O)Im=%f(0)kizkm (10b)

where

f(O)lm — (f(O)ml)* — (alm +p~2Z*IiZim +vaZ*liZi/Z*ijk.n + .. ) — Safl"'

=[1-p7?Z*Z) "1™ (11)
Thus W, can be extended to a Casimir by taking
C.=W,—:K, ~iJ. (12)
for
K[’.L - §+I'Yp.’5—mf(0)lm —§—I'Yu’s+m (O)ml (13(1)
]:‘ - (pV/pZ)(§+lo_“,S+mZ*ln (0)mn _S_~10'“l5_mzlnf(0)nm i (13b)

This will give rise to a degenerate case when (1-p~2Z*Z)™" does not exist,
i.e. when
z*'z™ =p2s™. (14)
We will consider this case in a little more detail shortly. For the non-degenerate
cases, we have C>=C,C* as a Casimir of the algebra (S,.", Sa_s, P,., J...), and further
algebra shows that in the rest frame, P, = (m, 0), Ci satisfies the SU(2) algebra, and
so C? takes values sz(Y+ HforY=0,31,%.... ForZ%=0, C,, reduces to the
value given by Taylor (1982). For values of Z" such that equation (1) holds (« # 1),
C,, reduces to the value given by Rands and Taylor (1983).
We thus have a suitable generalisation of superspin to the general (non-degenerate)

central charge situation (modulo internal symmetries) with an identical superspin
spectrum to the non-central charge case.

3. The degenerate case

We have seen that for the case where Z*"Z* =p°8%, the value of C, appears to
become singular. To deal with this, we rewrite the offending part

KL +2J = §+I‘Yu'5»-mf(0)1m “g—t‘Yu'S+mf(O)ml +p—2§+I‘Y“’pS+nf(0)lmZ*mn
_p—zg—IYMpS‘ﬂf(O)mIZmn
(since p*o,., = 3y, #, and equations (10) apply)
=S8y lS it p PSS 2 =Sy (S 4 p S W Z
(15)

For this to have a finite limit as Z*'Z* - p28F, each of the terms in the square brackets
must vanish, i.e.

Som=-~p pS,"Z*"™ S."=~p pS.,Z""
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or
pS."=Z""S_,, 7S, =Z*""S." (16)

These two conditions (one is actually the complex conjugate of the other) are
identical to those obtained by Rands and Taylor (1983) and we thus see that the
degenerate case arises in exactly the same way as before.

The superspin Casimir then reduces to the value in (Rands and Taylor 1983), i.e.

C.=W,+ip °S.'y.p8."Z*" (17)

and discussion of this case can then proceed in exactly the same way.

4. Comment

It is unfortunate that an analysis of internal symmetry along the lines of Rands and
Taylor (1983) can no longer be conducted, since the pseudo-symplectic metric used
there is not present in the case of the unrestricted central charges. However, we can
see, by considering how S.., Sa-s, ZY and Z*¥ will transform under an internal
symmetry transformation, that C,,, and therefore C?, will remain invariant under such
a transformation.

Thus we have a satisfactory superspin classification for all supersymmetry rep-
resemtations without any restrictions being applied to the type of central charge
allowed. This should allow for a more satisfactory use of integration over the space
of central charge coordinates, z;;, z*;, in the construction of superspace Lagrangians
(Restuccia and Taylor 1983).
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